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Abstract In this paper, we proved common coupled fixed
point results for mixed g-monotone and w-compatible
mappings in ordered cone b-metric spaces. Our results
extend and generalize several well-known comparable
results in literature.
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Introduction
Recently, there have been so many exciting developments
in the field of existence of fixed point in partially ordered
metric spaces. This trend was started by Ran and Reurings
in [1], where they extended the Banach contraction prin-
ciple in partially ordered sets with some applications to
matrix equations. The obtained result in [1] was further
extended and refined by many authors (see, for example [2,
3] and the references cited in therein).
The coupled fixed point theorem is an interesting and
decisive concept in fixed point theory. In 2006, Bhaskar
and Lakshmikantham [4] introduced the notions of the
coupled fixed point and mixed monotone property of a
given mapping F : X  X ! X, where X is a nonempty
ordered set. In addition, they proved some coupled fixed
point theorems for mappings which satisfy the mixed
monotone property and considered some applications in the
existence and uniqueness of a solution for a periodic
boundary value problem. They also established the classi-
cal coupled fixed point theorems and obtained some of
their applications.
Inspired by above notions, Lakshmikantham and C´iric´ in
[2] introduced the concepts of the coupled coincidence
point, the common coupled fixed point and g-mixed
monotone property for mappings F : X  X ! X and
g : X ! X. In subsequent papers several authors proved
various coupled and common coupled fixed point theorems
(e.g., [5–14]).
On the other hand, Huang and Zhang [15] reintroduced
the notion of cone metric spaces and established fixed point
theorems for mappings in such spaces. Next in 2011,
Hussain and Shah [16] (see also [17]) generalized the
notion of cone metric spaces and introduced cone b-metric
spaces. Afterwards, many authors obtained many fixed
point, common fixed point and common coupled fixed
point theorems in cone b-metric spaces. For some works in
cone b-metric spaces, we may refer the reader to [18–29].
In 2012, Nashine et al. [3] established coupled coinci-
dence point results for mixed g-monotone mappings under
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general contractive conditions in partially ordered cone
metric spaces over solid cones. For more results on ordered
metric spaces, cone and ordered cone metric spaces, the
reader can be traced back to [30–39].
Theorem 1.1 [3] Let ðX; d;YÞ be an ordered cone
metric space over a solid cone P. Let F : X2 ! X and
g : X ! X be mappings such that F has the mixed g-
monotone property on X and there exist two elements
x0; y0 2 X with gx0YFðx0; y0Þ and gy0 w Fðy0; x0Þ. Sup-
pose further that F, g satisfy
d











for all ðx; yÞ; ðu; vÞ 2 X  X with (guYgx and gv w gy) or
(gxYgu and gy w gv), where ai 0, for i =1,2,...,6 andP6
i¼1 ai\1. Further suppose
1. FðX  XÞ  gðXÞ;
2. g(X) is a complete subspace of X.
Also, suppose that X has the following properties :
(i) if a non-decreasing sequence fxng in X is such that
xn ! x,then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y,then yn w y for all n 2 N.
Then there exist x and y such that Fðx; yÞ ¼ gx and
Fðy; xÞ ¼ gy, that is, F and g have a coupled coincidence
point ðx; yÞ 2 X  X.
Theorem 1.2 [3] In addition to the hypotheses of The-
orem 1.1, suppose that for every ðx; yÞ; ðy; xÞ 2 X  X
there exists ðu; vÞ 2 X  X such that (F(u, v), F(v, u)) is
comparable both to (F(x, y), F(y, x)) and
ðFðx; yÞ;Fðy; xÞÞ. Then F and g have a unique coupled
common fixed point, that is, there exists a unique ðu; vÞ 2
X  X such that
u ¼ gu ¼ Fðu; vÞ and v ¼ gv ¼ Fðv; uÞ;
provided F and g are w-compatible.
In this paper, an essay is made to establish common
coupled fixed point results for mixed g-monotone and w-
compatible mappings satisfying more general contractive
conditions in ordered cone b-metric spaces over a cone that
is only solid.
Preliminaries
Let E be a real Banach space and h denote to the zero
element in E. A cone P is a subset of E such that:
1. P is nonempty closed set and P 6¼ fhg,
2. If a, b are nonnegative real numbers and x; y 2 P then
axþ by 2 P,
3. x 2 P and x 2 P imply x ¼ h.
For any cone P 	 E, the partial ordering  with respect to
P is defined by x  y if and only if y x 2 P. The notation
of 
 stand for x  y but x 6¼ y. Also, we used x y to
indicate that y x 2 intP, where intP denotes the interior
of P. A cone P is called normal if there exists a number
K such that
h  x  y ¼) kxkKkyk;
for all x; y 2 E. The least positive number K satisfying the
above condition is called the normal constant of
P. Throughout this paper, we do not impose the normality
condition for the cones, but the only assumption is that the
cone P is solid, that is intP 6¼ ;.
Definition 2.1 ([16]) Let X be a nonempty set and E be a
real Banach space equipped with the partial orderingwith
respect to the cone P. A vector-valued function d : X  X 
! E is said to be a cone b-metric function on X with the
constant s 1 if the following conditions are satisfied:
1. h  dðx; yÞ for all x; y 2 X and dðx; yÞ ¼ h if and only
if x ¼ y,
2. dðx; yÞ ¼ dðy; xÞ for all x; y 2 X,
3. dðx; yÞ  sðdðx; yÞ þ dðy; zÞÞ for all x; y; z 2 X.
Then pairs (X, d) is called a cone b-metric space (or a cone
metric type space), we will use the first mentioned term.
Definition 2.2 ([16]) Let (X, d) be a cone b-metric space,
fxng be a sequence in X and x 2 X.
1. For all c 2 E with h c, if there exists a positive
integer N such that dðxn; xÞ  c for all n[N, then xn
is said to be convergent and x is the limit of fxng. We
denote this by xn ! x.
2. For all c 2 E with h c, if there exists a positive
integer N such that dðxn; xmÞ  c for all n;m[N, then
fxng is called a Cauchy sequence in X.
3. A cone b-metric space (X, d) is called complete if
every Cauchy sequence in X is convergent.
The following lemma is helpful to prove our results.
Lemma 2.3 ([40])
1. If E be a real Banach space with a cone P and a  ka
where a 2 P and 0 k\1, then a ¼ h.
2. If c 2 intP, h  an and an ! h, then there exists a
positive integer N such that an  c for all nN.
3. If a  b and b c, then a c.
4. If h  u c for each h c, then u ¼ h.
Recall the following definitions.
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Definition 2.4 ([4]) Let ðX;YÞ be a partially ordered set
and let F : X2 ! X be a mapping. The mapping F is said
to have mixed monotone property if F is monotone non-
decreasing in its first argument and monotone non-in-
creasing in its second argument, that is, for any x; y 2 X,
x1; x2 2 X; x1Yx2 ¼) Fðx1; yÞYFðx2; yÞ
and
y1; y2 2 X; y1Yy2 ¼) Fðx; y1Þ w Fðx; y2Þ:
Definition 2.5 ([2]) Let ðX;YÞ be a partially ordered set
and let F : X2 ! X and g : X ! X be two mappings.
The mapping F is said to have mixed g-monotone property
if F is monotone g-non-decreasing in its first argument and
monotone g-non-increasing in its second argument, that is,
for any x; y 2 X,
x1; x2 2 X; gx1Ygx2 ¼) Fðx1; yÞYFðx2; yÞ
and
y1; y2 2 X; gy1Ygy2 ¼) Fðx; y1Þ w Fðx; y2Þ:
Definition 2.6 ([4]) An element ðx; yÞ 2 X2 is said to be a
coupled fixed point of the mapping F : X2 ! X if
Fðx; yÞ ¼ x and Fðy; xÞ ¼ y.
Definition 2.7 ([2]) An element ðx; yÞ 2 X2 is called
1. a coupled coincidence point of mappings F : X2 ! X
and g : X ! X if gx ¼ Fðx; yÞ and gy ¼ Fðy; xÞ, and
(gx, gy) is called coupled point of coincidence.
2. a common coupled fixed point of mappings F : X2 
! X and g : X ! X if x ¼ gx ¼ Fðx; yÞ and
y ¼ gy ¼ Fðy; xÞ.
Definition 2.8 ([5]) The mappings F : X2 ! X and g :
X ! X are called:
1. w-compatible if gðFðx; yÞÞ ¼ Fðgx; gyÞ whenever gx ¼
Fðx; yÞ and gy ¼ Fðy; xÞ.
2. w-compatible if gðFðx; xÞÞ ¼ Fðgx; gxÞ whenever
gx ¼ Fðx; xÞ.
Coupled coincidence point and common coupled
fixed point results
In this section, we prove some coupled coincidence point
and common coupled fixed point results in ordered cone b-
metric spaces.
Theorem 3.1 Let ðX;YÞ (be a partially ordered set and
X, d be a cone b-metric space with the coefficient) s 1
relative to a solid coneP.Let F : X2 ! X andg : X ! X be
two mappings such that F has the mixed g-monotone property
on X and suppose that there exist nonnegative constants ai 2
½0; 1Þ; i ¼ 1; 2; . . .; 10 with ðsþ 1Þða1 þ a2 þ a3 þ a4Þ þ
sðsþ 1Þ ða5 þ a6 þ a7 þ a8Þ þ 2sða9 þ a10Þ\2 andP10
i¼1 ai\1 such that the following contractive condition holds
d

Fðx; yÞ;Fðu; vÞ  a1dðgx;Fðx; yÞÞ þ a2dðgy;Fðy; xÞÞ

þ a3dðgu;Fðu; vÞÞ þ a4dðgv;Fðv; uÞÞ

þ a5dðgx;Fðu; vÞÞ þ a6dðgy;Fðv; uÞÞ

þ a7dðgu;Fðx; yÞÞ þ a8dðgv;Fðy; xÞÞ

þ a9dðgx; guÞ þ a10dðgy; gvÞ

;
for all ðx; yÞ; ðu; vÞ 2 X2 with (guYgx and gv w gy) or
(gxYgu and gy w gv). Assume that F and g satisfy the
following conditions:
1. FðX2Þ  gðXÞ,
2. g(X) is a complete subspace of X.
Also, suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that gx0YFðx0; y0Þ and
Fðy0; x0ÞYgy0, then F and g have a coupled coincidence
point ðx; yÞ 2 X2.
Proof Let x0; y0 2 X such that gx0YFðx0; y0Þ and
Fðy0; x0ÞYgy0. Since FðX2Þ  gðXÞ we can Choose
x1; y1 2 X such that gx1 ¼ Fðx0; y0Þ; gy1 ¼ Fðy0; x0Þ.
Again Since FðX2Þ  gðXÞ we can Choose x2; y2 2 X such
that gx2 ¼ Fðx1; y1Þ; gy2 ¼ Fðy1; x1Þ. Since F has the
mixed g-monotone property, we have gx0Ygx1Ygx2 and
gy2Ygy1Ygy0. Continuing this process, we can construct
two sequences fxng; fyng in X such that
gxn ¼ Fðxn1; yn1ÞYgxnþ1 ¼ Fðxn; ynÞ
and
gynþ1 ¼ Fðyn; xnÞYgyn ¼ Fðyn1; xn1Þ:
Then we have:
dðgxn; gxnþ1Þ
¼ dFðxn1; yn1Þ;Fðxn; ynÞ

 a1dðgxn1;Fðxn1; yn1Þ þ a2dðgyn1;Fðyn1; xn1ÞÞ

þ a3dðgxn;Fðxn; ynÞÞ þ a4dðgyn;Fðyn; xnÞÞ

þ a5dðgxn1;Fðxn; ynÞÞ þ a6dðgyn1;Fðyn; xnÞÞ

þ a7dðgxn;Fðxn1; yn1ÞÞ þ a8dðgyn;Fðyn1; xn1ÞÞ

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 a1dðgxn1; gxnÞ þ a2dðgyn1; gynÞ

þ a3dðgxn; gxnþ1Þ þ a4dðgyn; gynþ1Þ

þ a5dðgxn1; gxnþ1Þ þ a6dðgyn1; gynþ1Þ

þ a7dðgxn; gxnÞ þ a8dðgyn; gynÞ

þ a9dðgxn1; gxnÞ þ a10dðgyn1; gynÞ

 a1dðgxn1; gxnÞ þ a2dðgyn1; gynÞ

þ a3dðgxn; gxnþ1Þ þ a4dðgyn; gynþ1Þ

þ sa5ðdðgxn1; gxnÞ þ dðgxn; gxnþ1ÞÞ
þ sa6ðdðgyn1; gynÞ þ dðgyn; gynþ1ÞÞ






ða1 þ a5sþ a9Þdðgxn1; gxnÞ
þ ða2 þ a6sþ a10Þdðgyn1; gynÞ

þ ða3 þ a5sÞdðgxn; gxnþ1Þ




Similarly, we can prove that
dðgyn; gynþ1Þ 
ða1 þ sa5 þ a9Þdðgyn1; gynÞ
þ ða2 þ sa6 þ a10Þdðgxn1; gxnÞ

þ ða3 þ sa5Þdðgyn; gynþ1Þ




dn ¼ dðgxn; gxnþ1Þ þ dðgyn; gynþ1Þ:
Adding inequalities (3.1) and (3.2), one can assert that
dn  ða1 þ a2 þ sa5 þ sa6 þ a9 þ a10Þdn1
þ ða3 þ a4 þ sa5 þ sa6Þdn: ð3:3Þ
On the other hand, we have




 a1dðgxn;Fðxn; ynÞÞ þ a2dðgyn;Fðyn; xnÞÞ

þ a3dðgxn1;Fðxn1; yn1Þ þ a4dðgyn1;Fðyn1; xn1ÞÞ

þ a5dðgxn;Fðxn1; yn1ÞÞ þ a6dðgyn;Fðyn1; xn1ÞÞ

þ a7dðgxn1;Fðxn; ynÞÞ þ a8dðgyn1;Fðyn; xnÞÞ









 a1dðgxn; gxnþ1Þ þ a2dðgyn; gynþ1Þ

þ a3dðgxn1; gxnÞ þ a4dðgyn1; gynÞ

þ a5dðgxn; gxnÞ þ a6dðgyn; gynÞ

þ a7dðgxn1; gxnþ1Þ þ a8dðgyn1; gynþ1Þ

þ a9dðgxn; gxn1Þ þ a10dðgyn; gyn1Þ

 a1dðgxn; gxnþ1Þ þ a2dðgyn; gynþ1Þ

þ a3dðgxn1; gxnÞ þ a4dðgyn1; gynÞ

þ sa7ðdðgxn1; gxnÞ þ dðgxn; gxnþ1ÞÞ
þ sa8ðdðgyn1; gynÞ þ dðgyn; gynþ1ÞÞ






ða3 þ sa7 þ a9Þdðgxn1; gxnÞ
þ ða4 þ sa8 þ a10Þdðgyn1; gynÞ

þ ða1 þ sa7Þdðgxn; gxnþ1Þ





ða3 þ sa7 þ a9Þdðgyn1; gynÞ
þ ða4 þ sa8 þ a10Þdðgxn1; gxnÞ

þ ða1 þ sa7Þdðgyn; gynþ1Þ
þ ða2 þ sa8Þdðgxn; gxnþ1Þ

: ð3:5Þ
Adding inequalities (3.4) and (3.5), one can assert that
dn  ða3 þ a4 þ sa7 þ sa8 þ a9 þ a10Þdn1
þ ða1 þ a2 þ sa7 þ sa8Þdn:
ð3:6Þ
Finally, from (3.3) and (3.6), we have
2dn  ða1 þ a2 þ a3 þ a4 þ sa5 þ sa6 þ sa7 þ sa8
þ 2ða9 þ a10ÞÞdn1 þ ða1 þ a2 þ a3 þ a4 þ sa5


















equivalently ðsþ 1Þða1 þ a2 þ a3 þ a4Þ þ sðsþ 1Þ ða5 þ










Let m[ n 1. It follows that
dðgxn; gxmÞ  sdðgxn; gxnþ1Þ þ s2dðgxnþ1; gxnþ2Þ
þ    þ smndðgxm1; gxmÞ;
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and
dðgyn; gymÞ  sdðgyn; gynþ1Þ þ s2dðgynþ1; gynþ2Þ
þ    þ smndðgym1; gymÞ:
Now, (3.7) and sh\1 imply that
dðgxn; gxmÞ þ dðgyn; gymÞ  sdn þ s2dnþ1 þ    þ smndm1
 shnd0 þ s2hnþ1d0 þ    þ smnhm1d0
¼ shnð1þ shþ ðshÞ2 þ    þ ðshÞmn1Þd0
 sh
n
1 sh d0 ! h as n!1: ð3:8Þ
According to Lemma 2.3 (2), and for any c 2 E with
c h, there exists N0 2 N such that for any n[N0,
hn
1h d0  c. Furthermore, from (3.8) and for any
m[n[N0, Lemma 2.3 (3) shows that
dðgxn; gxmÞ þ dðgyn; gymÞ  c;
which implies that
dðgxn; gxmÞ  c;
and
dðgyn; gymÞ  c:
Hence, by Definition 2.2 (2), fgxng and fgyng are Cauchy
sequences in g(X). Since g(X) is complete, there exists x
and y 2 X such that gxn ! gx and gyn ! gy as
n !1. Since fgxngis nondecreasing and fgyng is non-
increasing, using the properties (i), (ii) of X, we have
gxnYgx and gyYgyn:
Now, we can apply the contractive condition
dðFðx; yÞ; gxÞ  sðdðFðx; yÞ; gxnþ1Þ þ dðgxnþ1; gxÞÞ
¼ sðdðFðx; yÞ;Fðxn; ynÞÞ þ dðgxnþ1; gxÞÞ
 sa1dðgx;Fðx; yÞ þ a2dðgy;Fðy; xÞÞ

þ sa3dðgxn;Fðxn; ynÞÞ þ a4dðgyn;Fðyn; xnÞÞ

þ sa5dðgx;Fðxn; ynÞÞ þ a6dðgy;Fðyn; xnÞÞ

þ sa7dðgxn;Fðx; yÞÞ þ a8dðgyn;Fðy; xÞÞ

þ sa9dðgx; gxnÞ þ a10dðgy; gynÞ
þ sdðgxnþ1; gxÞ
 sa1dðFðx; yÞ; gxÞ þ a2dðFðy; xÞ; gyÞ

þ ssa3dðgxn; gxÞ þ sa3dðgx; gxnþ1Þ
þ sa4dðgyn; gyÞ þ sa4dðgy; gynþ1Þ

þ sa5dðgx; gxnþ1Þ þ a6dðgy; gynþ1Þ

þ ssa7dðgxn; gxÞ þ sa7dðgx;Fðx; yÞÞ
þ sa8dðgyn; gyÞ þ sa8dðgy;Fðy; xÞÞ

þ sa9dðgx; gxnÞ þ a10dðgy; gynÞ
þ sdðgxnþ1; gxÞ
¼ sa1dðFðx; yÞ; gxÞ þ a2dðFðy; xÞ; gyÞ

þ ssa3dðgxn; gxÞ þ sa3dðgxnþ1; gxÞ
þ sa4dðgyn; gyÞ þ sa4dðgynþ1; gyÞ

þ sa5dðgxnþ1; gxÞ þ a6dðgynþ1; gyÞ

þ ssa7dðgxn; gxÞ þ sa7dðFðx; yÞ; gxÞ
þ sa8dðgyn; gyÞ þ sa8dðFðy; xÞ; gyÞ

þ sa9dðgxn; gxÞ þ a10dðgyn; gyÞ
þ sdðgxnþ1; gxÞ:
Hence,
dðFðx; yÞ; gxÞ  ðsa1 þ s2a7ÞdðFðx; yÞ; gxÞ
þ ða2 þ s2a8ÞdðFðy; xÞ; gyÞ
þ ðs2a3 þ s2a7 þ sa9Þdðgxn; gxÞ
þ ðs2a3 þ sa5 þ sÞdðgxnþ1; gxÞ
þ ðs2a4 þ s2a8 þ sa10Þdðgyn; gyÞ
þ ðs2a4 þ sa6Þdðgynþ1; gyÞ:
Similarly
dðFðy; xÞ; gyÞ  ðsa1 þ s2a7ÞdðFðy; xÞ; gyÞ
þ ða2 þ s2a8ÞdðFðx; yÞ; gxÞ
þ ðs2a3 þ s2a7 þ sa9Þdðgyn; gyÞ
þ ðs2a3 þ sa5 þ sÞdðgynþ1; gyÞ
þ ðs2a4 þ s2a8 þ sa10Þdðgxn; gxÞ
þ ðs2a4 þ sa6Þdðgxnþ1; gxÞ:
Put
s ¼ dðFðx; yÞ; gxÞ þ dðFðy; xÞ; gyÞ:
Adding above inequalities, we get
s  ðsa1 þ s2a7 þ a2 þ s2a8Þs
þ ðs2a3 þ s2a7 þ sa9 þ s2a4 þ s2a8 þ sa10Þdðgxn; gxÞ
þ ðs2a3 þ s2a7 þ sa9 þ s2a4 þ s2a8 þ sa10Þdðgyn; gyÞ
þ ðs2a3 þ sa5 þ sþ s2a4 þ sa6Þdðgxnþ1; gxÞ
þ ðs2a3 þ sa5 þ sþ s2a4 þ sa6Þdðgynþ1; gyÞ:
Then,
s  A2
1 A1 dðgxn; gx
Þ þ A2
1 A1 dðgyn; gy
Þ
þ A3
1 A1 dðgxnþ1; gx
Þ þ A3
1 A1 dðgynþ1; gy
Þ;
where A1 ¼ sa1 þ s2a7 þ a2 þ s2a8, A2 ¼ s2a3 þ s2a7 þ
sa9 þ s2a4 þ s2a8 þ sa10 and A3 ¼ s2a3 þ sa5 þ sþ
s2a4 þ sa6. Since gxn ! gx and gyn ! gy as n !1,
Math Sci (2015) 9:161–172 165
123
then by Definition 2.2 (1) and for c h there exists N0 2
N such that for all n[N0, dðgxn; gxÞ  c 1A14A2 ,




dðgynþ1; gyÞ  c 1A14A3 . Hence,
s  A2
1 A1 dðgxn; gx
Þ þ A2
1 A1 dðgyn; gy
Þ
þ A3
1 A1 dðgxnþ1; gx
Þ þ A3
1 A1 dðgynþ1; gy
Þ
 c 1 A1
4A2
A2









þ c 1 A1
4A3
A3
1 A1 ¼ c:
Now, according to Lemma 2.3 (4) it follows that s ¼ h, that
is, dðFðx; yÞ; gxÞ þ dðFðy; xÞ; gyÞ ¼ h, which implies
that dðFðx; yÞ; gxÞ ¼ h and dðFðy; xÞ; gyÞ ¼ h.
Hence, gx ¼ Fðx; yÞ and gy ¼ Fðy; xÞ. Therefore
ðx; yÞ is a coupled coincidence point of F and g. h
From Theorem 3.1, we have the following corollaries.
Corollary 3.2 Let ðX;YÞ (be a partially ordered set and
X, d be a cone b-metric space with the coefficient) s 1
relative to a solid cone P. Let F : X2 ! X and g : X !
X be two mappings and suppose that there exist nonneg-
ative constants k; l 2 ð0; 1 with k þ l\ 1
s
such that the
following contractive condition holds for all x; y; u; v 2 X:
d

Fðx; yÞ;Fðu; vÞ  kdðgx; guÞ þ ldðgy; gvÞ;
for all ðx; yÞ; ðu; vÞ 2 X2 with (guYgx and gv w gy) or
(gxYgu and gy w gv). Assume that F and g satisfy the
following conditions:
1. FðX2Þ  gðXÞ,
2. g(X) is a complete subspace of X.
Also, suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that gx0YFðx0; y0Þ and
Fðy0; x0ÞYgy0, then F and g have a coupled coincidence
point ðx; yÞ 2 X2.
Corollary 3.3 Let ðX;YÞ be a partially ordered set and
(X, d) be a cone b-metric space with the coefficient s 1
relative to a solid cone P. Let F : X2 ! X and g : X !
X be two mappings and suppose that there exist nonneg-
ative constants k; l 2 ð0; 1 with k þ l\ 2
sþ1 such that the
following contractive condition holds for all x; y; u; v 2 X:
d

Fðx; yÞ;Fðu; vÞ  kdðgx;Fðx; yÞÞ þ ldðgu;Fðu; vÞÞ;
for all ðx; yÞ; ðu; vÞ 2 X2 with (guYgx and gv w gy) or
(gxYgu and gy w gv). Assume that F and g satisfy the
following conditions:
1. FðX2Þ  gðXÞ,
2. g(X) is a complete subspace of X.
Also, suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that gx0YFðx0; y0Þ and
Fðy0; x0ÞYgy0, then F and g have a coupled coincidence
point ðx; yÞ 2 X2.
Corollary 3.4 Let (X, d) be a cone b-metric space with
the coefficient s 1 relative to a solid cone P. Let F : X2 
! X and g : X ! X be two mappings and suppose that
there exist nonnegative constants k; l 2 ð0; 1 with k þ
l\ 2
sðsþ1Þ such that the following contractive condition
holds for all x; y; u; v 2 X:
d

Fðx; yÞ;Fðu; vÞ  kdgx;Fðu; vÞþ ldgu;Fðx; yÞ;
for all ðx; yÞ; ðu; vÞ 2 X2 with (guYgx and gv w gy) or
(gxYgu and gy w gv). Assume that F and g satisfy the
following conditions:
1. FðX2Þ  gðXÞ,
2. g(X) is a complete subspace of X.
Also, suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that gx0YFðx0; y0Þ and
Fðy0; x0ÞYgy0, then F and g have a coupled coincidence
point ðx; yÞ 2 X2.
Now we prove the existence and uniqueness of a com-
mon coupled fixed point. Note that, if ðX;YÞ is a partially
ordered set, then we endow the product space X  X with
the following partial order: for ðx; yÞ; ðu; vÞ 2 X  X,
ðu; vÞYðx; yÞ () x w u; yYv.
Theorem 3.5 In addition to the hypotheses of Theorem
3.1, suppose that for every ðx; yÞ; ðx; yÞ 2 X  X there
exists ðu; vÞ 2 X  X such that (F(u, v), F(v, u)) is com-
parable both to (F(x, y), F(y, x)) and ðFðx; yÞ;Fðy; xÞÞ.
Assume that, sða1 þ a2 þ a3 þ a4Þ þ ða5 þ a6 þ a7þ
a8 þ a9 þ a10Þ\1. If F and g are w-compatible, then F and
g have a unique common coupled fixed point. Moreover, a
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common coupled fixed point of F and g is of the form
(u, u) for some u 2 X.
Proof From Theorem 3.1, F and g have a coupled coin-
cidence point. Suppose (x, y) and ðx; yÞ are coupled
coincidence points of F and g, that is gx ¼ Fðx; yÞ; gy ¼
Fðy; xÞ and gx ¼ Fðx; yÞ; gy ¼ Fðy; xÞ. First, we will
show that
gx ¼ gx and gy ¼ gy:
By assumption, there exists ðu; vÞ 2 X  X such that
(F(u, v), F(v, u)) is comparable both to (F(x, y), F(y, x))
and ðFðx; yÞ;Fðy; xÞÞ. Put u0 ¼ u; v0 ¼ v and choose
u1; v1 2 X such that gu1 ¼ Fðu0; v0Þ and gv1 ¼ Fðv0; u0Þ.
Continuing this process, we can construct two sequences
fgung and fgvng such that
gunþ1 ¼ Fðun; vnÞ and gvnþ1 ¼ Fðvn; unÞ:
Also, set x0 ¼ x; y ¼ y0; x0 ¼ x; y0 ¼ y. Define the
sequences fgxng; fgyng and fgxng; fgyng. Since (x, y) and
ðx; yÞ are coupled coincidence points of F and g, we have
as n !1:
gxn ! Fðx; yÞ; gyn ! Fðy; xÞ;
and
gxn ! Fðx; yÞ; gyn ! Fðy; xÞ:
Since

Fðx; yÞ;Fðy; xÞ ¼ ðgx; gyÞ
and

Fðu; vÞ;Fðv; uÞ ¼ ðgu1; gv1Þ
are comparable, then gxYgu1 and gy w gv1. Similarly, we
can show that (gx, gy) and ðgun; gvnÞ are comparable for all
n 1, that is, gxYgun and gy w gvn. Now, we can apply
the contractive condition:




 a1dðgun;Fðun; vnÞÞ þ a2dðgvn;Fðvn; unÞÞ

þ a3dðgx;Fðx; yÞ þ a4dðgy;Fðy; xÞÞ

þ a5dðgun;Fðx; yÞÞ þ a6dðgvn;Fðy; xÞÞ

þ a7dðgx;Fðun; vnÞÞ þ a8dðgy;Fðvn; unÞÞ

þ a9dðgun; gxÞ þ a10dðgvn; gyÞ

¼ a1dðgun; gunþ1Þ þ a2dðgvn; gvnþ1Þ

þ a3dðgx; gxÞ þ a4dðgy; gyÞ

þ a5dðgun; gxÞ þ a6dðgvn; gyÞ

þ a7dðgx; gunþ1Þ þ a8dðgy; gvnþ1Þ

þ a9dðgun; gxÞ þ a10dðgvn; gyÞ

 sa1dðgun; gxÞ þ sa1dðgx; gunþ1Þ
þ sa2dðgvn; gyÞ þ sa2dðgy; gvnþ1Þ

þ a5dðgun; gxÞ þ a6dðgvn; gyÞ

þ a7dðgx; gunþ1Þ þ a8dðgy; gvnþ1Þ






ðsa1 þ a5 þ a9Þdðgun; gxÞ
þ ðsa1 þ a7Þdðgunþ1; gxÞ

þ ðsa2 þ a6 þ a10Þdðgvn; gyÞ
þ ðsa2 þ a8Þdðgvnþ1; gyÞ

: ð3:9Þ
By similar way, we have
dðgvnþ1; gyÞ 
ðsa1 þ a5 þ a9Þdðgvn; gyÞ
þ ðsa1 þ a7Þdðgvnþ1; gyÞ

þ ðsa2 þ a6 þ a10Þdðgun; gxÞ
þ ðsa2 þ a8Þdðgunþ1; gxÞ

: ð3:10Þ
Put, sn ¼ dðgunþ1; gxÞ þ dðgvnþ1; gyÞ. Adding above
inequalities, we get
sn 
ðsa1 þ a5 þ a9 þ sa2 þ a6 þ a10Þsn1





On the other hand starting by gx, we have:




 a1dðgx;Fðx; yÞ þ a2dðgy;Fðy; xÞÞ

þ a3dðgun;Fðun; vnÞÞ þ a4dðgvn;Fðvn; unÞÞ

þ a5dðgx;Fðun; vnÞÞ þ a6dðgy;Fðvn; unÞÞ

þ a7dðgun;Fðx; yÞÞ þ a8dðgvn;Fðy; xÞÞ

þ a9dðgx; gunÞ þ a10dðgy; gvnÞ

¼ a1dðgx; gxÞ þ a2dðgy; gyÞ

þ a3dðgun; gunþ1Þ þ a4dðgvn; gvnþ1Þ

þ a5dðgx; gunþ1Þ þ a6dðgy; gvnþ1Þ

þ a7dðgun; gxÞ þ a8dðgvn; gyÞ

þ a9dðgx; gunÞ þ a10dðgy; gvnÞ

 sa3dðgun; gxÞ þ sa3dðgx; gunþ1Þ
þ sa4dðgvn; gyÞ þ sa4dðgy; gvnþ1Þ

þ a5dðgx; gunþ1Þ þ a6dðgy; gvnþ1Þ

þ a7dðgun; gxÞ þ a8dðgvn; gyÞ





ðsa3 þ a7 þ a9Þdðgun; gxÞ
þ ðsa3 þ a5Þdðgunþ1; gxÞ
þ ðsa4 þ a8 þ a10Þdðgvn; gyÞ
þ ðsa4 þ a6Þdðgvnþ1; gyÞ

: ð3:12Þ
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By similar way, we have
dðgy; gvnþ1Þ 
ðsa3 þ a7 þ a9Þdðgvn; gyÞ
þ ðsa3 þ a5Þdðgvnþ1; gyÞ

þ ðsa4 þ a8 þ a10Þdðgun; gxÞ
þ ðsa4 þ a6Þdðgunþ1; gxÞ

: ð3:13Þ
Adding above two inequalities, we get
sn 
ðsa3 þ a7 þ a9 þ sa4 þ a8 þ a10Þsn1

þ ðsa3 þ a5 þ sa4 þ a6Þsn

: ð3:14Þ
Adding inequalities (3.11) and (3.14), we have
2sn 
ðsa1 þ sa2 þ sa3 þ sa4Þ þ ða5 þ a6 þ a7 þ a8Þ
þ 2ða9 þ a10Þ

sn1 þ
ðsa1 þ sa2 þ sa3 þ sa4Þ






















 kns0 ! h as n !1: ð3:15Þ
According to Lemma 2.3 (2), and for any c 2 E with
c h, there exists N0 2 N such that for any n[N0,
kn  c. Furthermore, from (3.15) and for any n[N0,
Lemma 2.3 (3) shows that
dðgunþ1; gxÞ þ dðgvnþ1; gyÞ  c;
which implies that
dðgunþ1; gxÞ  c;
and
dðgvnþ1; gyÞ  c:
Hence, by Definition 2.2 (1), gun ! gx and gvn ! gy.
By the same way, we can prove that gun ! gx and
gvn ! gy. The uniqueness of the limit implies that gx ¼
gx and gy ¼ gy. That is, the unique coupled point of
coincidence of F and g is (gx, gy).
Clearly that if (gx, gy) is a coupled point of coincidence
of F and g, then (gy, gx) is also a coupled points of
coincidence of F and g. Then gx ¼ gy and therefore
(gx, gx) is the unique coupled point of coincidence of
F and g.
Now, let u ¼ gx ¼ Fðx; yÞ. Since F and g are w-
compatible, then we have
gu ¼ gðgxÞ ¼ gFðx; yÞ ¼ Fðgx; gyÞ ¼ Fðgx; gxÞ ¼ Fðu; uÞ:
Then (gu, gu) is a coupled point of coincidence and also
we have (u, u) is a coupled point of coincidence. The
uniqueness of the coupled point of coincidence implies that
gu ¼ u. Therefore u ¼ gu ¼ Fðu; uÞ. Hence (u, u) is the
unique common coupled fixed point of F and g. This
completes the proof. h
From Theorem 3.5, we have the following corollaries.
Corollary 3.6 In addition to the hypotheses of Corollary
3.2, suppose that for every ðx; yÞ; ðx; yÞ 2 X  X there
exists ðu; vÞ 2 X  X such that (F(u, v), F(v, u)) is com-
parable both to (F(x, y), F(y, x)) and ðFðx; yÞ;Fðy; xÞÞ.
If F and g are w-compatible, then F and g have a unique
common coupled fixed point. Moreover, a common coupled
fixed point of F and g is of the form (u, u) for some u 2 X.
Corollary 3.7 In addition to the hypotheses of Corollary
3.3. Suppose that for every ðx; yÞ; ðx; yÞ 2 X  X there
exists ðu; vÞ 2 X  X such that (F(u, v), F(v, u)) is com-
parable both to (F(x, y), F(y, x)) and ðFðx; yÞ;Fðy; xÞÞ.
Assume that, k þ l\ 1
s
. If F and g are w-compatible, then F
and g have a unique common coupled fixed point. More-
over, a common coupled fixed point of F and g is of the
form (u, u) for some u 2 X.
Corollary 3.8 In addition to the hypotheses of Corollary
3.4. Suppose that for every ðx; yÞ; ðx; yÞ 2 X  X there
exists ðu; vÞ 2 X  X such that (F(u, v), F(v, u)) is com-
parable both to (F(x, y), F(y, x)) and ðFðx; yÞ;Fðy; xÞÞ.
If F and g are w-compatible, then F and g have a unique
common coupled fixed point. Moreover, a common coupled
fixed point of F and g is of the form (u, u) for some u 2 X.
Remark 3.9 Theorems 3.1 and 3.5 extend and generalize
Theorems 3.1 and 3.2 of Nashine et al. [3] to cone b-metric
spaces, respectively.
Now, we present one example to illustrate our results.
Example 3.10 Let X ¼ R be ordered by the following
relation:
xYy () x ¼ y or x; y 2 ½0; 1 and x y:
Let E ¼ C1R 0; 1½  with uk k ¼ uk k1þ u0k k1; u 2 E and
suppose that, P ¼ u 2 E : u tð Þ 0on 0; 1½ f g: It is well
known that this cone is solid, but it is not normal. Define a
cone b-metric d : X  X ! E by d x; yð Þ tð Þ ¼ x yj j2et:
Then X; dð Þ is a complete cone b-metric space with the
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coefficient s ¼ 2: Let F : X  X ! X Fðx; yÞ ¼ xy
60
and














We will check that conditions of theorems 3.1 and 3.5 are
fulfilled for all x; y; u; v 2 X with (guYgx and gv w gy) or
(gxYgu and gy w gv). The following cases are possible.
case 1: x; y; u; v 2 ½0; 1. We have
d

















x uj j2et þ 1
30
y vj j2et
¼ a9dðgx; guÞðtÞ þ a10dðgy; gvÞðtÞ;
where a9 ¼ 130 ¼ a10 and
ai ¼ 0; i ¼ 1; 2; . . .; 8.
case 2: x; y 2 ½0; 1 and u, v not in [0, 1]. Then gy, gv
not in [0, 1] and since they must be compa-
rable, gy ¼ gv and y ¼ v. Then we have:
d







 a9dðgx; guÞðtÞ þ a10dðgy; gvÞðtÞ;
where a9 ¼ 130 ¼ a10 and
ai ¼ 0; i ¼ 1; 2; . . .; 8.
case 3: u; v 2 ½0; 1 and x, y not in [0, 1]. This case
will be similar to case 2.
case 4: If x, y, u, v not in [0,1] then the only possi-
bility for gx and gu, as well as gy and gv to be
comparable is that x ¼ u and y ¼ v. In this
case conditions of Theorem 3.1 are trivially
satisfied.
Note that, 2sða9 þ a10Þ ¼ 4ð 130þ 130Þ\2, FðX  XÞ  gðXÞ
and g(X) is a complete subspace of X. Also, F has the
mixed g-monotone property. Hence, the conditions of
Theorem 3.1 are satisfied, that is, F and g have a coupled
coincidence point (0, 0). Also, F and g are w-compatible at
(0, 0) and a9 þ a10\1. Hence, Theorem 3.5 shows that,
(0, 0) is the unique common coupled fixed point of F and g.
Finally, we have the following result (immediate con-
sequence of Theorems 3.1 and 3.5).
Theorem 3.11 Let ðX;YÞ be a partially ordered set and
(X, d) be a complete cone b-metric space with the
coefficient s 1 relative to a solid cone P. Let F : X2 ! X
be a mapping having the mixed monotone property on X
and suppose that there exist nonnegative constants ai 2
½0; 1Þ; i ¼ 1; 2; . . .; 10 with P10i¼1 ai\1 such that the fol-
lowing contractive condition holds
dðFðx; yÞ;Fðu; vÞÞ  a1dðx;Fðx; yÞÞ þ a2dðy;Fðy; xÞÞ

þ a3dðu;Fðu; vÞÞ þ a4dðv;Fðv; uÞÞ

þ a5dðx;Fðu; vÞÞ þ a6dðy;Fðv; uÞÞ

þ a7dðu;Fðx; yÞÞ þ a8dðv;Fðy; xÞÞ

þ a9dðx; uÞ þ a10dðy; vÞ

;
for all ðx; yÞ; ðu; vÞ 2 X2 with (uYx and v w y) or (xYu
and y w v) such that:
(A) ðsþ 1Þða1 þ a2 þ a3 þ a4Þ þ sðsþ 1Þ
ða5 þ a6 þ a7 þ a8Þ þ 2sða9 þ a10Þ\2
(B) sða1 þ a2 þ a3 þ a4Þþ
ða5 þ a6 þ a7 þ a8 þ a9 þ a10Þ\1.
Suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that x0YFðx0; y0Þ and
Fðy0; x0ÞYy0, then F has a coupled fixed point
ðx; yÞ 2 X2. Moreover, the coupled fixed point is unique
and of the form ðx; xÞ for some x 2 X.
The following corollaries can be obtained from
Theorem 3.11.
Corollary 3.12 Let ðX;YÞ be a partially ordered set and
(X, d) be a complete cone b-metric space with the coeffi-
cient s 1 relative to a solid cone P. Let F : X2 ! X be a
mapping having the mixed monotone property on X and
suppose that there exist nonnegative constants k; l 2 ð0; 1
with k þ l\ 1
s




Fðx; yÞ;Fðu; vÞ  kdðx; uÞ þ ldðy; vÞ;
for all ðx; yÞ; ðu; vÞ 2 X2 with (uYx and v w y) or (xYu
and y w v). Suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that x0YFðx0; y0Þ and
Fðy0; x0ÞYy0, then F has a coupled fixed point
ðx; yÞ 2 X2. Moreover, the coupled fixed point is unique
and of the form ðx; xÞ for some x 2 X.
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Corollary 3.13 Let ðX;YÞ be a partially ordered set and
(X, d) be a complete cone b-metric space with the coeffi-
cient s 1 relative to a solid cone P. Let F : X2 ! X be a
mapping having the mixed monotone property on X and
suppose that there exist nonnegative constants k; l 2 ð0; 1
with k þ l\ 1
s




Fðx; yÞ;Fðu; vÞ  kdðx;Fðx; yÞÞ þ ldðu;Fðu; vÞÞ;
for all ðx; yÞ; ðu; vÞ 2 X2 with (uYx and v w y) or (xYu
and y w v). Suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that x0YFðx0; y0Þ and
Fðy0; x0ÞYy0, then F has a coupled fixed point
ðx; yÞ 2 X2. Moreover, the coupled fixed point is unique
and of the form ðx; xÞ for some x 2 X.







Corollary 3.14 Let ðX;YÞ be a partially ordered set and
(X, d) be a complete cone b-metric space with the coeffi-
cient s 1 relative to a solid cone P. Let F : X2 ! X be a
mapping having the mixed monotone property on X and
suppose that there exist nonnegative constants k; l 2 ð0; 1
with k þ l\ 2




Fðx; yÞ;Fðu; vÞ  kdx;Fðx; yÞþ ldu;Fðu; vÞ;
for all ðx; yÞ; ðu; vÞ 2 X2 with (uYx and v w y) or (xYu
and y w v). Suppose that X has the following properties:
(i) if a non-decreasing sequence fxng in X is such that
xn ! x, then xnYx for all n 2 N,
(ii) if a non-increasing sequence fyng in X is such that
yn ! y, then yn w y for all n 2 N.
If there exist x0; y0 2 X such that x0YFðx0; y0Þ and
Fðy0; x0ÞYy0, then F has a coupled fixed point
ðx; yÞ 2 X2. Moreover, the coupled fixed point is unique
and of the form ðx; xÞ for some x 2 X.
Example 3.15 Let X ¼ R with usual order and let a cone
b-metric d defined as in Example 3.10,
d x; yð Þ tð Þ ¼ x yj j2  et:
Then X; dð Þ is a cone b-metric space with the coefficient
s ¼ 2: Now, let F : X  X ! X as
F x; yð Þ ¼ x 2y
8
:





F x; yð Þ;F u; vð Þ tð Þ
¼ x u
8





















x uj j2  et þ 6
64
y vj j2  et;
for all x; y; u; v 2 X with x u and y v or x u and y v
and for all t 2 0; 1½ : Taking k ¼ 3
64
; l ¼ 6
64
we get
d F x; yð Þ;F u; vð Þð Þ kd x; uð Þ þ ld y; vð Þ:






, we have that this example of
ordered cone b-metric space over (only) solid cone sup-
ports Corollary 3.12. Here, 0; 0ð Þ is (even) unique coupled
fixed point.
Remark 3.16 It is worth to notice that using already some
known methods (for example see [24, 25] ) contractive
condition from Theorem 3.1. implies the following con-
tractive condition in ordered cone b-metric space
X  X;D;Yð Þ :
D TFY ; TFVð ÞA1D TgY ; TFY
 þ A2D TgV ; TFV
 
þ A3D TgY; TFV
 þ A4D TgV ; TFY




A1 ¼ a1 þ a2;A2 ¼ a3 þ a4;A3 ¼ a5 þ a6;A4
¼ a7 þ a8;A5 ¼ a9 þ a10;
with
sþ 1ð Þ A1 þ A2ð Þ þ s sþ 1ð Þ A3 þ A4ð Þ þ 2sA2\2;
and
D x; yð Þ; u; vð Þð Þ ¼ d x; uð Þ þ d y; vð Þ:
It is not hard to check that X  X;Dð Þ is a new cone
b-metric space with the same coefficient s as X; dð Þ: Also,
X  X;Dð Þ is a ordered cone b-metric space. It is clear that
the approach with new ordered cone b-metric space is
much shorter, but both ordered cases are new.
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